What is the right statistics for the measurements of arrival times of a quantum particle? Although this question is very old, it is still open. Usual experiments are performed in far-field regime and this question becomes unimportant, as a semiclassical analysis suffices. Nevertheless, the development in the detector technology will soon allow for near-field investigations, thus a better understanding of arrival time measurements is needed. Since outcomes of quantum measurements are always described by povms, various arrival time povms have been proposed. On the other hand many physicists would agree that the arrival time statistics is given by the quantum flux. This urges the question whether a povm exists, which agrees approximately with the quantum flux values on a reasonable set of wave functions. We answer this question negatively for a very natural set of wave functions, but we remark that the answer is very sensitive to the choice of the set, and provide evidence for the existence of a povm that agrees with the quantum flux on a more restrictive set.
INTRODUCTION

Measurement of time in quantum mechanics
Consider the following experiment: a one particle wave function is prepared at time zero in a certain bounded region G of space; the wave evolves freely, and around that region are particle detectors waiting for the particle to arrive. The times and locations at which detectors click are random, without doubts. We ask: What is the distribution of these random events?
The measurement of time in quantum mechanics is an old and recurrent theme, mostly because no time observable as self adjoint operator exists [1, 2] . Time is therefore not observable in the orthodox quantum mechanical sense, but since clocks exist and time measurements are routinely done in quantum mechanical experiments, the situation draws attention. Usual experiments are performed in far-field regime, where a semiclassical analysis is sufficient, but with faster detectors at hand it will be soon possible to investigate the near-field regime, where a deeper analysis is needed [see for example 3, 4] .
It follows easily from Born's statistical law that ordinary quantum measurements are described by povms, positive operator valued measures, [5] [6] [7] . This fact motivated a longstanding quest for an arrival time povm derived from first principles and independent of the details of the measurement interaction [2, [8] [9] [10] [11] [12] .
But what classifies an actual experiment as an arrival time measurement? Surely not the fact that its outcomes are distributed according to a certain povm, otherwise an appropriate computer program could also be called "arrival time measurement". In fact, the quest for an arrival time povm cannot be grounded in the believe that there exists some true arrival time, the distribution of which, only because instruments readings are distributed according to a povm, is conceived as a povm. Indeed, quantum measurements in general do not actually measure a preexisting value of an underlying quantity, and outcomes rather result from the interaction of the system with the experimental set-up.
One should rather think that any measurement that one would call arrival time measurement must necessarily satisfy some symmetry requirements, and that these requirements identify a class of povms [8, 9] . The elements of this class correspond to different realizations of the measurement interaction, and must be treated on a case-by-case basis.
The integral flux statistics
In the simplified case in which the arrival position is not detected-or, similarly, if we restrict to one dimension-a general and easy analysis is possible for the initial states such that the probability that the particle is inside the region G decreases monotonically with time. To satisfy this requirement it is sufficient that the wave function of the particle belongs to the set
where ψ is the particle's wave function,
is the probability current, ∂G is the boundary of G, and dS is the surface element directed outwards. In these conditions, the probability that the particle crosses ∂G later than time t is equal to the probability that the particle is inside G at t. Therefore, the probability for an arrival at ∂G during the time interval dt is given by the integral flux statistics
The previous analysis, together with the fact that any quantum measurement is described by a povm, raises the following question: Does there exist a povm which agrees with the integral flux statistics (3) on the set C + ?
We answer this question in the next sections.
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Bohmian arrival times
The flux statistics is most naturally understood in the context of Bohmian mechanics.
In the experiment introduced above the Bohmian particle moves along the continuous trajectory X(t), and arrives at the detector at the time at which X(t) crosses it, therefore a "true arrival time" does exist, namely that of the Bohmian particle.
We recall that the Bohmian trajectories are the flux lines of the probability, i.e.Ẋ
The particle's wave function in Eq. (4) can in principle also be the so called conditional wave function, which takes into account the interaction with the detector [7, 13, 14] . A Bohmian particle can in general cross the surface ∂G several times and the probability for having a first arrival at the surface element dS during the time interval dt is
is the so called truncated current [7, 15] . A first exit event (t, x) from the region G is such that the Bohmian trajectory crosses ∂G for the first time since t = 0 through the point x ∈ ∂G at time t.
In case each Bohmian trajectory crosses the detector surface only once-i.e. the wave function belongs to the set C + -then every exit is a first exit, and the first arrival statistics is given by the simpler expression
which we shall call the flux statistics. Note that this gives the statistics for both arrival time and arrival position. Now one may ask if it is possible to design an experiment whose results disclose the "true arrival times". The outcomes of such an experiment would be distributed according to Eq. (5). Unfortunately, this is impossible, since the truncated flux depends explicitly on the trajectory of the particle, and is not sesquilinear with respect to the wave function as needed for a povm [see also 16] . Hence, according to Bohmian mechanics the "true arrival time" exists, but its statistic is not given by a povm, so there is no experiment able to measure it (note that this statement is not in contradiction with the fact that the Bohmian trajectories and the quantum flux are detectable in weak measurements [17] [18] [19] ). From this circumstance one may jump to the conclusion that Bohmian mechanics must be false. That conclusion is however unwarranted. The measurement analysis in Bohmian mechanics yields straightforwardly that the statistics of measurement outcomes are always given by povms [6, 7] . There is no inconsistency here. Observing that a povm is defined on the whole of the Hilbert space, we see that our previous request of measurability was rather strong, in that we allowed any initial state for the particle, even the very bizarre ones. As a consequence, it is reasonable to restrict our quest for measurability to a subset of good wave functions, as for example C + . Now we may ask the following question:
Does there exist a povm which agrees with the flux statistics (7) on the set C + ?
This question slightly generalizes that asked in the previous section.
NO GO THEOREM FOR THE ARRIVAL TIME POVM
For simplicity we consider a particle moving in one dimension with a detector only at one place. That restricts our analysis to random times only, and makes (3) and (7) equivalent, which is sufficient for the purpose at hand; the generalization to three dimensions is straightforward. We consider that the detector is placed at D > 0 and that it is active during the time interval I = (0, T ). The one particle wave is prepared at time zero well located around the origin.
We introduce the set of wave functions
On these wave functions the flux statistics is the first arrival time statistics. We want to find out if a povm density O t exists, such that
In the following we will use the notation
By sesquilinearity of (2) we have
Similarly,
Consider now two wave functions ψ and ϕ in C + I such that also ψ + φ is in C + I , while j − (D, t − ) < 0 for some t − ∈ I. Such functions exist, and an example built with Gaussian wave packets is given in Fig. 1 . Requiring (9), we have for every t in I (omitting the argument D in j)
and ψ + ϕ|O t |ψ + ϕ = j + (t).
Substituting in (11) and using (12) we thus get But ψ − ϕ|O t |ψ − ϕ is positive for all t in I, while j − becomes negative at t − ∈ I, hence a contradiction. Therefore, a povm satisfying (9) on all functions in C + I does not exist. We can strengthen the result. Let O ψ (t) ψ|O t |ψ , ψ (t) O ψ (t) − j ψ (t), and let ± O ψ±ϕ (t) − j ± (t). By linearity, i.e. subtracting Eq. (11) and (12) ,
that implies
At a time t − such that j
The value | j − (t − )| is in general not bounded, therefore the error between any povm and the flux statistics can be arbitrarily large. The conclusion is therefore that there exists no povm which approximates the flux statistics on all functions in C + I .
The argument is a set argument
We wish to stress that in the previous section we showed that it is impossible to design an experiment that measures the Bohmian arrival time on all wave functions in a certain set, namely C + I . The choice of the set that we consider is crucial, and on a different set our argument may not apply. To illustrate this point, we present an exaggerated example. Consider the set of wave functions
For every ψ and φ in C + G , neither ψ+φ nor ψ−φ is in C + G , and our argument does not apply. Of course, the set C + G is absolutely artificial and serves only to highlight that our impossibility result depends heavily on the choice of the class of allowed wave functions.
SCATTERING STATES
A class of functions very important from the experimental point of view is that of scattering states, i.e. states that reach the detector in far field regime. These wave functions are particularly important because usual time measurements are performed in these conditions. For these states [20, 21] (in units such that m = = 1)
whereψ is the Fourier transform of the initial wave function. As a consequence, it can be shown that [22] 
and therefore all scattering states are in C + I . A linear combination of scattering states is still a scattering state, indeed Eq. (19) and (20) apply to the combination as well. Therefore, no contradiction arises asking for a povm that agrees with the flux statistics on scattering states. An example of such a povm, at least approximately, is given by the momentum operator. This follows from Eq. (20) , that shows that Bohmian arrival time measurements on scattering states are nothing else than momentum measurements. In conclusion, our negative result about C + I does not forbid to interpret actual, far field time measurements in terms of the flux statistics.
HIGH-ENERGY WAVE FUNCTIONS
As already remarked, the set for which we ask accordance between the flux statistics and the povm is crucial. We found that the set of scattering states presents no problem, but it would be of course much more interesting to identify a subset of C + I , such that it is possible to measure the Bohmian arrival time also in near field conditions. We do not have any proof that such a set exists, nevertheless we believe that the subset of C + I of wave functions with high energy is a good candidate, at least in an approximate sense.
To support our conjecture, we performed some numerical investigations. 1 We considered as model system the superposition of two Gaussian packets g 1 and g 2 , with equal position variance σ. If g 1 and g 2 are both elements of C + I , then the eventual negative current of their superpositions must be caused by interference, that is in turn either due to the spreading of the packets, or to their different velocities.
To study the effect of the spreading, we first set the mean momenta of the two packets to be the same, and equal to k. Varying σ, we found that a threshold k σ exists, such that for k smaller than k σ it is possible that g 1 + g 2 is in C + I , but g 1 − g 2 is not, while for k larger than k σ both g 1 +g 2 and g 1 −g 2 are in C + I . The threshold k σ increases with decreasing σ, as expected from the fact that a smaller σ means a larger momentum variance, and therefore a larger probability of small momentum.
We examined the effect of a difference in the velocities of the two packets considering the closest packet to the screen to have a fixed momentum k 1 well above the value k σ , and varying the momentum k 2 of the second packet. We found that, if k 2 is sufficiently far away from k 1 , then neither g 1 + g 2 nor g 1 − g 2 is in C + I . On the contrary, for k 2 close to k 1 , it can happen that the sum is in C + I and the difference is not, or the other way round. However, the interval of k 2 values around k 1 for which this happens shrinks (relatively to k 1 ) with growing k 1 , as well as the maximal value of the negative current.
For the subset of C + I of wave functions with high energy it is therefore not true that it is possible to find a povm that agrees exactly with the flux statistics, indeed our main argument still applies. Nevertheless, our numerical study supports the conjecture that it is possible to find a povm that approximately agrees with the flux statistics, with a better agreement for higher energies. 1 See the Appendix for more details. Our conjecture is supported also by the results of [23] for a wide class of clock models.
CONCLUSIONS
We showed that no povm exists, that approximates the flux statistics on all functions in C + I . Moreover, the error ψ between a candidate povm and the flux statistic can be very large on any wave function in C + I , even for simple states like Gaussians or sum of Gaussians.
This negative result is very sensitive to the choice of the set; for example it is possible to find a povm that agrees with the flux statistics on the subset of C + I composed by scattering states. Similarly, we conjecture that a povm exists, that approximates the flux statistics on the subset of C + I of wave functions with high energy. We produced some numerical evidence to support this conjecture.
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APPENDIX
We present here the numerical calculations that we performed to investigate if a povm can exist, that agrees with the flux statistics on the subset of C + I of wave functions with high energy. Our model system was the superposition of two Gaussian packets g 1 and g 2 with equal initial position variance σ. We used units are such that m = = 1, and we considered the time interval I = (0, T ), where
x 2 is the initial mean position of the furthest packet from the screen, and k 2 is its mean momentum; the term 5/12 has been inserted by hand to ensure that T is reasonably small also when k 2 is zero.
Effect of the spreading
We studied the effect of the spreading setting the mean momenta of the two packets to be both equal to k. We quantified the total amount of negative current during the interval I by
In Fig. 2a we plotted N g 1 +g 2 and N g 1 −g 2 as functions of k, for two Gaussian packets with unitary position variance, zero mean momentum, and initial mean position equal to 4 and −4, respectively; the detector is located at D = 10. For k bigger than one no negative current is present, and both g 1 + g 2 and g 1 − g 2 are in C We denoted this threshold value by k σ , and we found that it decreases as σ increases, as shown in Fig. 2b .
Effect of different velocities
To study the effect of a difference in the velocities of the two packets we considered g 1 and g 2 to have again unitary position variance, but different mean momenta k 1 and k 2 , respectively. The packet g 1 was initially centered around zero, and we considered the values 20, 40, and 60 for its mean momentum k 1 . The initial mean position x 2 of the packet g 2 was such that the two maxima cross in D + σ t , where σ t is the position variance at the time of the crossing, and D = 40 is the detector position. Consequently, x 2 ranged approximately between −20 and −80, depending on k 2 .
We studied the quantity 
Therefore, M g 1 ,g 2 is zero when both g 1 + g 2 and g 1 − g 2 are in C + I , as well as when none of them is, while M g 1 ,g 2 is different from zero when one combination is in C + I and the other one is not. The results are presented in Fig. 3 , from which it is evident that the interval on which M g 1 ,g 2 is different from zero narrows (relatively to k 1 ) with growing k 1 , and at the same time the maximal value of M g 1 ,g 2 decreases.
